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Abstract 
 The effective piezoelectric coefficients of twin walls in tetragonal ferroelectric are 
calculated in the framework of decoupling approximation and Landau-Ginzburg-Devonshire theory 
allowing for polarization gradient terms, electrostriction and flexoelectric coupling. Using an 
example of piezoelectric response of a1-a2 twins to a homogeneous electric field, we show that the 
response is almost independent on the flexoelectric coupling, but is very sensitive to the values of 
polarization gradient coefficients. This behavior originates from the strong coupling between local 
dielectric susceptibility and the gradient coefficients. The enhancement of piezoelectric response 
from 10% up to a factor of 103 times is predicted. The local electromechanical response of the 
domain walls can thus provide information on the gradient terms in GLD expansion and pinning 
mechanisms of the ferroelectric domain walls. The observability of these effects by the 
piezoresponse force microscopy of electroded structures and impact on the functional properties of 
the systems with dense domain structures is analyzed. 
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1. INTRODUCTION 
 Domain structures and domain walls have long been recognized as the key factor 
determining the functionality of ferroelectric materials, directly controlling behaviors such as 
polarization and electromechanical hysteresis, dielectric and piezoelectric nonlinearities, and many 
others. Recently, functionality of ferroelectric domain walls per se have emerged as a new paradigm 
in design of ferroelectric and multiferroic materials and structures, with the examples ranging from 
static and dynamic domain wall conduction, enhanced electromechanical responses, 
magnetoelectric coupling, and many others [1, 2, 3, 4, 5]. Much of this progress was stimulated by 
the recent emergence of scanning probe microscopy techniques such as Piezoresponse Force 
Microscopy and conductive atomic force microscope that enabled local probing of domain wall 
properties. Modern advances in PFM of ferroelectric domains and nanostructures are reviewed by 
Gruverman and Kholkin [6], Kalinin et al [7] and Gruverman [8]. These developments, in turn, 
necessitate the theoretical analysis of electromechanical and conduction phenomena on a single wall 
level, with the dual goal of interpretation of PFM contrast and exploring emergent domain wall 
functionalities. 
 The necessity for calculating the Piezoresponse Force Microscopy (PFM) signal for 
materials of general symmetry, as well as calculation of response at micro- and nanostructural 
elements such as periodic domains, isolated cylindrical domains, and topographically 
inhomogeneous ferroelectrics such as nanoparticles have stimulated theoretical attempts to derive 
approximate solutions for position-dependent PFM signal in inhomogeneous materials [9, 10, 11, 
12, 13, 14] A general approach for the calculation of the electromechanical response is based on the 
decoupling approximation typically using for the piezoelectric response calculations of domain 
structures with “frozen” polarization, i.e. the polarization does not change during imaging process 
(see e.g. [6-8]). A simplified 1D version of the decoupling model was originally suggested by 
Ganpule [15] to account for the effect of 90° domain walls on PFM imaging. A similar 1D approach 
was adapted by Agronin et al [16] to yield closed-form solutions for the PFM signal. The 3D 
version of this approach was developed by Felten et al [17] using the analytical form for the 
corresponding Green’s function. Independently, Scrymgeour and Gopalan [18] have used the finite 
element method to model PFM signals across the 180-degree domain walls. Kalinin et al [19], 
Eliseev et al [20] and Morozovska et al [21] have applied the decoupling theory to derive analytical 
expressions for the PFM response of materials with low symmetry, the PFM resolution function and 
180-degree domain wall profiles, and interpret PFM spectroscopy data. Kalinin et al. [22] found the 
analytical expression for lateral resolution of PFM for 180-degree domains in capacitor structures. 
Lei et al. [23] analyzed different mechanisms of lateral and vertical PFM response formation for the 
case of 3m ferroelectrics. Using decoupling approximation, Pan et al. [24] developed a numerical 
integration scheme to analyze the expected PFM response in ferroelectrics with arbitrary domain 
configurations, including the case of the depth distribution of piezoelectric coefficients. Recently 
they applied their approach to estimation of the lateral resolution of twin domain walls PFM 
response as well as to the consideration of depth resolution [25].  
 Note, that most of the authors [9-25] analyzed the PFM contrast in the rigid polarization 
approximation, namely they considered PFM response frozen and regard ferroelectric polarization 
independent on the tip voltage during the imaging process. Only recently Yang and Dayal [26, 27] 
performed “soft” 3D phase-field simulations to model PFM response of various domain structures, 
including 90 degree domains for different boundary conditions and the mechanisms of electric field 
screening.  
 As it follows from the brief overview of current state-of-art in PFM, the local piezoelectric 
response of ferroelectric twin walls requires analytical theoretical studies, since only numerical 
results are available [25], in contrast to the relatively well-studied response of 180-degree walls. 
This interest is strongly enhanced by recent theoretical studies and experimental observations. For 
example, Sluka et al [28] showed that ferroelectrics like BaTiO3 with dense patterns of 90-degree 
charged domain walls are expected to have strongly enhanced piezoelectric properties, that can 
open the way for new functionalities. Karthik et al. [29] reported about the contribution of 90° 
ferroelastic domain walls to the dielectric permittivity in thin films PbZr0.2Ti0.8O3. They 
experimentally observed a strong enhancement of the permittivity with increasing domain wall 
density that matches the predictions of the phenomenological GLD models. This motivates us to 
calculate analytically the effective piezoelectric coefficients of twin walls in tetragonal ferroelectric 
in the framework of decoupling approximation and LGD theory.  
 The paper is organized as following. Mathematical statement of the general problem of 
domain wall response for dynamic polarization is given in the Section 2. Section 3 contains the 
derivation of the problem analytical solution in decoupling approximation and the analyses for 
different strength of polarization gradient and flexoelectric coupling. Section 4 is a brief summary. 
 
2. STATEMENT OF THE PROBLEM 
 Here, we consider classical 2-4-6 Landau potential [30, 31] including polarization gradient 
terms, electrostriction and flexoelectric coupling. Equilibrium polarization distribution is then given 
by the Euler-Lagrange equations [32] obtained from the Landau potential minimization with respect 
to polarization components: 
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δij represents the Kroneker symbol. Hereinafter ( )rklu  denotes the elastic strain,  denotes 
electric polarization,  denotes the electrostriction stress tensor, and  the flexoelectric tensor. 
Film-substrate misfit strains can be accounted through the renormalization of the free energy 
coefficients  and  [
( )rmP
ijklq ijkmf
( )Tα ijklα 33 ]. The electric field is ( ) ( ) kk xE ∂ϕ∂−= rr ,  is the electric 
potential. 
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 Allowing for the gradient term contribution, the natural boundary conditions for Eq.(2a) are 
obtained after the minimization of free energy: 
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S is the ferroelectric surface. Note that this condition is consistent with the quasi-homogeneous 
distribution of polarization, since we do not consider the surface energy contribution to free energy, 
which leads to the intrinsic distribution of spontaneous polarization in nanosized ferroelectrics [34].  
Under the absence of the screening charges, the Poisson-type equation for electrostatic 
potential  is: ( )rϕ
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Hereinafter εb is background permittivity and ε0=8.85×10−12 F/m is the universal dielectric constant. 
Boundary conditions to Eq.(2) have the form:  
( )21021 ,)0,,( xxVxx =ϕ ,        ( ) 0,, 21 =ϕ hxx                              (4) 
where  denotes the electrostatic potential distribution at the sample surface x( 210 , xxV ) 3=0 including 
(if necessary) the constant built-in potential [35, 36], which originate from surface dipole layers, e.g. 
due to the Shottky barrier at the tip (or electrode) – surface junction, h is the film thickness.  
 Elastic equations of state follow from the variation of the free energy on the strain tensor, 
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Mechanical boundary conditions [ 37 ] corresponding to typical experiments are defined on a 
mechanically free interface, z = 0, where the normal stress is absent (more specifically, tip-surface 
or electrode-surface forces are small),  
( ) 00,, 213 =σ xxi ,                                          (6a) 
and on substrate interface x3 = h, where the displacement ui is zero and in-plane misfit strains are 
fixed for a thick “rigid” cubic substrate 
( ) 0,, 21 =hxxui ,    ( ) ( ) muhxxuhxxu == ,,,, 21222111 .              (6b) 
or continuous for a “soft matched ” thin substrate or becomes unnecessary for a semi-infinite 
sample. 
 Note that Eqs.(1), (3) and (5) are coupled, because polarization depends on the strain and 
external field. Hence, the formal solution of Eq.(5) written via elastic Green function as  
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is rigorously defined only in decoupling approximation.  
 
3. DECOUPLING APPROXIMATION  
 In decoupling approximation [15, 17, 18, 19, 20, 21] we regard that elastic field in Eq.(3a) is 
the known function of polarization. Here, we analyze the structure of the elastic fields created by 
the twin domain wall – surface junction using the perturbation method proposed by Rychetsky [38]. 
In the first approximation, the strains ( )xSiju  at location x from the surface induced by the elastic 
wall – surface junction is given by the convolution of the corresponding Green function with the 
elastic stress field, , unperturbed by the surface influence: 0jkσ
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Corresponding Green’s tensor ( ) ( )32211 ,, xxxGG ijij ξ−ξ−≡− ξx  for elastically isotropic half-space 
is given by Lur’e [39] and Landau and Lifshitz [40] (see Appendix A);  is the outer normal to the 
mechanically free surface . Here we consider the semi-infinite mechanically free crystal, but 
not the film on the substrate. However, the approach can be extended to the film case if one will use 
the Green function corresponding to the elastic problem of mechanically clamped/free film. Below 
we consider a matched substrate or a semi-infinite sample for the sake of elastic problem solution 
simplicity.  
kn
03 =x
 
3.1. Basic equations for the twin-wall surface – junction  
Here we consider the 90-degree a1-a2 twin-wall surface - junction in a tetragonal 
ferroelectric (e.g. BaTiO3, PbTiO3 at room temperature) as shown in Figure 1a.  
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FIGURE. 1. Probing geometry of a1-a2 twin domain –surface junctions (a). (b) Spontaneous 
polarization vector is ( 0,0,SP=P  in a1-domain and ( )0,,0 SP−=P  in a2-domain. Note, that under 
the condition of nonzero polarization gradient inherent to the adopted LGD model, ac-twins 
appearance can be suppressed by depolarization effects. 
 
Below we introduced 45o-rotated coordinate system (see e.g. Ref. [ 41 ]) with one axis, 
33
~ xx ≡ , and two other rotated axes, ( ) 2~ 211 xxx +=  perpendicular to the domain wall, and 
( ) 2~ 212 xxx +−=  parallel to the domain wall (see Fig. 1b). For the considered geometry of the 
problem in the rotated system the distributions of polarization are ( ) 2~ 211 PPP +=  and 
( ) 2~ 122 PPP −= . Very far from the TW boundary 0~1 =x  polarization components 
2)~(~ 11 SPxP =±∞→  and 2)~(~ 12 SPxP m=±∞→ . Polarization component 33~ PP ≡ is absent 
under the condition . 03 =extE
Inhomogeneous elastic stresses  originate from the electrostriction and flexoelectric 
coupling appeared in the vicinity of the twins. For the considered geometry and small external fields 
the inequality 
0
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~~ PP <<  is valid and unperturbed stresses and strains have the form: 
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Elastic compliances , electrostriction strain coefficients  and flexoelectric tensor  are 
written in Voight notations.  
ijkls ijklQ ijklF
 Note that elastic fields given by Eq.(9) is consistent with mechanical compatibility relations 
only for the case . Otherwise the twin wall plane should rotate in the absence of pinning 
centers. The pinning will clamp the wall and the expressions (9) can be a reasonable approximation 
for very small external fields in x
03 ≡P
3-direction.  
Euler-Lagrange equations for polarization components iP
~  depending only on the distance 
1
~x  from the wall have the form [42]: 
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depolarization field b
d PE εε−= 011 ~~ . In Equations (11a,b) we neglect the nonlinear terms 23~P  since 
regarded that it is much smaller than 2,1
~P .  
Electric field pini
ext
ii EEE
~~~ +=  is the sum of external field, extiE~ , and pinning one, piniE~ . 
Note, that the amplitude of lattice pinning field can be estimated within the framework of Ishibashi 
model [43, 44, 45] as: 
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For domain wall thickness  more than the lattice constant , this field is at least about 100 times 
smaller than the thermodynamic coercive field 
w a
272 SC PE α−= . For example, 
,  and ( ) Cpin EaE 0274.0 ,0 ≈ ( ) Cpin EaE 5104.12,0 −×≈ ( ) Cpin EaE 101023,0 −×≈ . Despite the lattice 
pinning field is much smaller than the thermodynamic coercive field, it does prevent the wall 
movement in the infinitely small external field and thus defines the boundary for frozen/unfrozen 
case. Note that there are pinning due to the impurities adsorbed by the wall to compensate the strain 
and charge, and these pinning centers are stationary, i.e. they have slow time dynamics.  
Equations (11) should be solved numerically along with the boundary conditions very far 
from the TW: 
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Twin wall (TW) boundary is 0~1 =x  and 
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 3.2. Analytical and numerical solution for a homogeneous external field  
 Here we derive approximate analytical solution of Eqs.(11) for the case of capacitor 
geometry,  and small  under several simplifying assumptions. Using Eq.(8) for 
the case of semi-infinite ferroelectric (or ferroelectric film on an ideally matched substrate) yields 
the component of surface strains as  
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Unexpectedly, expressions (14) coincide with a bulk strains for arbitrary polarization profiles (see 
Appendix A4 for derivation). Hence, ( ) extSi Eu 33 x  defines effective piezoelectric coefficients: 
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Assuming that the pinning field  is higher then the infinitely small probing field , one can 
neglect the term 
pinE extE3
( )( )23extEO  in expressions for 2,1~P , since the motion of the twin wall is absent. 
Correspondingly approximate expressions for polarization components have the form: 
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For the specific case DW should be perpendicular to [ ]100  or [ ]010  directions. Parameters: 
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Parameter w is the width of the domain wall affected by electrostriction coupling. Note, that 
solution (16) is the solution of equation 0~642 2
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Simple analytical expression for )~( 13 xP  is valid for small gradient terms and linearization 
with respect to  (see Appendix A4): 3P
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treated as the effective susceptibility. Equations (18) are exact under the condition ; it can 
be rather accurate positive and almost constant denominator, that may appear not the case in the 
vicinity of TW, where the gradient effect should be accounted more accurately.  
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 Figures 2-3 show the x1-profile of the effective piezoelectric coefficients extSeff Eud 32334 ∂∂= , 
extSeff Eud 31335 ∂∂= . Note that piezoelectric response of a1-a2 twins is practically independent on the 
flexoelectric coupling, which have impact only on the polarization component . 1
~P
 Figure 2 presents dependence of polarization components iP
~  (a, b) on the distance 1~x  from 
the wall in 45o-rotated coordinate system. Note that the 3
~P component is independent on distance 
1
~x ; it was set at zero in calculations. The  component is the even function of the 1
~P 1~x  - coordinate, 
that very weakly depends on the distance 1~x , so it was set as constant in the calculations. In more 
detail the spatial region where the component  varies is scaled in the plot (b), where it is 1
~P
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calculated for different flexoelectric coefficients. The component has maximum at 1
~P 0~1 ≈x , 
which position is weakly dependent on the flexoelectric coupling value, then the component 
decreases to a constant value with the distance from the wall. The component is the odd function 
of the 
2
~P
1
~x  - coordinate, that saturates to a constant values on the long distance from the wall. It is 
worth noting that on the long distance from the wall both  and  components have the same 
absolute value.  
1
~P 2
~P
Plots (c,d) show the x1-profile of the effective piezoelectric coefficients  and   
calculated across a twin wall in tetragonal phase of BaTiO
effd34
effd35
3 at room temperature for electric field 
. Plot (d) is calculated numerically. Plot (d) comprises the result of analytic calculation of 
the same coefficient with and without taking into account the polarization gradient term. Including 
the gradient term leads to more accurate convergence with numerical estimation for . However, 
this trend is absent for the  coefficient, because in this case the presence of the gradient term 
decreases the magnitude of local maximum (minimum) and slightly moves it away from the wall. In 
more detail the influence of the gradient term on the  and x
03 →extE
effd35
effd34
effd34
effd35 1-profiles is illustrated on the 
Figure 3. The dependences shown in this figure were calculated for different values of gradient 
coefficients: 0.1 g44, g44 and 10 g44 respectively. The  calculated for 10 geffd35 44 (curve 3) is about 
two times of magnitude smaller than  calculated for 0.1 geffd35 44 (curve 1); also curve 3 is more 
narrow than the curve 1. For coefficient, as it was mentioned above, increasing of the gradient 
term value leads to the slight decrease of the magnitude of local maximum (minimum). Local 
maximum (minimum) also moved away from the wall and become more extended with increasing 
of gradient term value. Plot (c) presents the effective susceptibility tensor component , and the 
arguments given for the curve are also applicable there. X
effd34
eff
33χ
effd35 1-profile of potential barrier across the 
TW is shown in Fig. 3d for different flexoelectric coefficients. One can see that the barrier is 
weakly affected by the flexoelectric coupling strength. 
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FIGURE 2. X1-profile of the polarization components (a,b), effective piezoelectric coefficient  
and  (c,d) calculated across a twin wall in tetragonal phase of BaTiO
effd34
effd35 3 at room temperature for 
electric field . Coefficients (c) were calculated numerically from coupled Eq.(11) at 
; (d) were calculated analytically from Eqs.(18) at 
03 →extE
0~ ≠ijg 0~ =ijg  (dotted curves). Profiles (b) of 
 are calculated for different flexoelectric coefficients 0, f)~(~ 11 xP ij, 2 fij, (curves 1, 2, 3 respectively), 
where fij along with other parameters and LGD expansion coefficients are listed in the Table A3. 
 
Finally, we analyze the situation when a twin wall can freely move in the bulk even in a 
very small external field (no pinning). For the case effective piezoelectric constants were calculated 
as exti
S
jk
eff
ijk Eud ∂∂=  assuming that all components of external field are infinitely small, . 
Results are shown in the Figure 4. Comparison of the figures 2,3 and 4 illustrates the pronounced 
differences in the piezoelectric response of the “free” twin walls in the bulk without pinning and the 
wall-surface junction with a lattice pinning. In particular effective piezoelectric response across the 
0→extiE
twin wall can be much higher than in the single-domain region. In numbers, the enhancement 
reaches 103 times for d26eff, without consideration of pinning effects. 
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FIGURE 3. X1-profile of the effective piezoelectric coefficients  (a),  (b) and susceptibility 
 (c) calculated numerically from coupled Eq.(11) across a twin wall in tetragonal phase of 
BaTiO
effd34
effd35
eff
33χ
3 at room temperature, zero flexoelectric coefficients and different gradient coefficients 
0.1 g44, g44, 10 g44, (curves 1, 2, 3 respectively). (d) x1-profile of potential barrier for different 
flexoelectric coefficients 0 fij, fij, 2 fij, (curves 1, 2, 3 respectively) and room temperature. Electric 
field . Coefficients g03 →extE ij and fij along with other parameters are listed in the Table A3. 
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FIGURE 4. Effective piezoelectric coefficients without pinning. Distribution of dilatational (a) 
and shear (b) components of piezoelectric tensor ijkd
~  across {110} twin wall in tetragonal phase of 
bulk BaTiO3 at room temperature. Twin wall (TW) boundary is 0~1 =x . (c) Profiles and (d) average 
values of piezoelectric coefficients of the periodic twins. LGD expansion coefficients are 
summarized in Table A3.  
 
These predictions can be directly probed by PFM observations of ferroelectric domain walls 
in electroded thinned single crystals (but note the effect of mechanical coupling on PFM resolution 
[22]). However, it is also of interest to explore the effects on macroscopic properties. In the case 
when we deal with a dense lamellar a1-a2 domain structures of half-period L (as shown in Figure 
4c), average values of the even-type components of the piezoelectric response 11
~d , 12
~d , 13
~d , 
26
~d  and 35
~d  become stronger (Figure 4d); odd-type components 21
~d , 22
~d , 23
~d , 16
~d  
and 34
~d  vanish. One can see from the Figure 4d that nonzero ijd
~  can be much higher for dense 
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lamellar domain of period L=10 nm; it monotonically decreases with the twin walls separation 
increase and reaches bulk values for L>100 nm. 
 
4. SUMMARY 
 Here, we explored electromechanical phenomena on the twin domain walls in tetragonal 
ferroelectrics as relevant to PFM studies and domain-wall controlled materials functionalities. 
Piezoelectric response of aa twins is practically independent on the flexoelectric coupling, but 
extremely sensitive to the values of polarization gradient coefficients, since the local dielectric 
susceptibility is very sensitive to the gradient coefficients. The difference between the surface 
strains and “unperturbed” bulk ones does not exist in the first order of perturbation theory, but may 
be essential in higher orders. 
 The effective piezoelectric response across the twin wall can be (much) higher than in the 
single-domain region. The enhancement ranging from 10% for d34eff, 200% for d35eff for pinned 
walls and up to the giant values, like 103 times for d26eff, without consideration of pinning effects. 
Considering a dense lamellar a1-a2 domain structures of half-period L, average values of the odd-
type components of the piezoelectric response vanish, while the even-type components become can 
be much higher for dense lamellar domain of period L=10 nm; they monotonically decreases with 
the twin walls separation increase and reaches bulk values for L>100 nm. 
 The effective piezoelectric response is proportional to the local dielectric susceptibility, i.e. 
if d26eff increases in n-times across the twin wall, the same n-times enhancement corresponds to the 
local susceptibility, as anticipated from the linear mechanism of the piezoelectric response 
formation. We did not find any significant deviation from the proportionality law and therefore the 
intriguing case, when piezoelectric response is high, but the dielectric susceptibility enhancement is 
absent or moderate, was not reached. 
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 Supplemental Materials 
Appendix A 
A1. Free energy 
In order to model the electrical and elastic properties of ionic semiconductor in equilibrium, we 
derive the generalized expression for the free energy functional. Free energy for cubic symmetry 
paraelectrics including quantum corrections has the following form: 
CSSEFLEXOES FFFFF +++=                                          (A.1a) 
 The first term in Eq.(A.1a) is the electrostatic energy of the quantum paraelectric with soft 
phonon mode, polarization gradient and space charge, that can be written down as 
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Hereinafter  denotes electric polarization.  ( )rmP
 The second term in Eq.(1a) is the flexoelectric effect contribution: 
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Hereinafter  denotes the elastic strain and  the flexoelectric tensor. ( )rklu ijkmf
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Here  denotes the electrostriction stress tensor,  the elastic stiffness tensor. ijklq ijklc
 
A2. Green function 
( )
( )( ) ( )( )
( )
( )( ) ( )
( )
( )( ) ( )
( )
( )
⎪⎪
⎪⎪
⎪⎪
⎩
⎪⎪
⎪⎪
⎪⎪
⎨
⎧
==⎟⎟⎠
⎞
⎜⎜⎝
⎛ ξ+ν−π
ν+
==⎟⎟⎠
⎞
⎜⎜⎝
⎛
ξ+
ν−+ξ−π
ξ−ν+
==⎟⎟⎠
⎞
⎜⎜⎝
⎛
ξ+
ν−−ξ−π
ξ−ν+
≠
⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
ξ+
ξ−ξ−−δξ+
ν−+ξ−ξ−+δπ
ν+
=ξ
3
12
2
1
32,1
21
2
1
32,1
21
2
1
3,
21
2
1
,,
3
2
3
3
3
3
3
3
3
33
3
321
ji
RRY
iandj
RRRY
x
jandi
RRRY
x
ji
RR
xx
RR
xx
RY
xxG
jj
ii
jjii
ij
jjiiij
ij
(A.2) 
 15
Here ( ) ( ) 23222211 ξ+ξ−+ξ−= xxR  is radius vector, Y is Young’s modulus, and ν  is the 
Poisson ratio. Stiffness tensor  corresponds to the elastically isotropic medium kjmnc
⎥⎦
⎤⎢⎣
⎡ δδ+δδ+δδν−
ν
ν+= lmknlnkmmnklklmn
Yc
21
2
)1(2
. 
 
Appendix A3. 
Euler-Lagrange equation 
0~642 2
1
2
2
5
2
3
22 =∂
∂−++
x
P
gcPbPaP            (A.3) 
Has a well-known solution: 
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Table A3. Free energy coefficients for bulk ferroelectric BaTiO3 (from Refs.[46, 47]).  
 
parameters values Refs. and Notes 
a1 (C-2·mJ) a1=3.34(T−381)×105 Ref. [a] 
aij (C-4·m5J) a11= 4.69(T−393)×106–2.02×108
a12= 3.230×108
Ref. [a] 
aijk (C-6·m9J) a111= −5.52(T−393)×107+2.76×109
a112=4.47×109
a123=4.91×109
Ref. [a] 
gij (C-2m3J)  g11=5.1×10-10
g12= −0.2×10-10 
g44= 0.2×10-10
Ref. [b]  
Qij (C-2·m4) Q11=0.11, Q12= −0.045, Q44=0.029 Recalculated from Ref.[b] 
Different from Ref. [c] 
sij  (10-12 Pa-1) s11=7.47, s12= −2.95, s44=18.42 Recalculated from Ref.[b] 
Different from Ref. [c] 
fijkl (V)  f11=5.12, f12=3.32, f44=0.045; [48] Ref. [d] 
 
Fijkl (10-11C-
1m3)  
F11=2.46, F12=0.48, F44=0.05 recalculated using Fαγ=fαβsβγ
 
[a] A.J. Bell. J. Appl. Phys. 89, 3907 (2001). 
[b] P. Marton, I. Rychetsky, and J. Hlinka. Phys. Rev. B 81, 144125 (2010). 
[c] N.A. Pertsev, A. G. Zembilgotov, and A. K. Tagantsev. Phys. Rev. Lett. 80, 1988 (1999). 
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[d] I. Ponomareva, A. K. Tagantsev, L. Bellaiche. Phys. Rev. B 85, 104101 (2012). 
 
Appendix A4. 
Using Eq.(4) we could get the only component of strains depending on P3 as  
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Here we used ( ) Ys ν+= 1244 . Note that the integral in (A.4) could be obtained exactly for 
arbitrary polarization profile at the surface, i.e. at , since in this case the convolution kernel 
is the one of δ-function representations: 
03 →x
( ) ( ) ( )1312443123 ~20, xPxP
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Using slanted step approximation for ( )12~ xP , one could get the following expression for 
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There is another coefficient, , related with response for , but it is constant for our 
approximations. 
effd35
extE3
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FIGURE A1. X1-profile of the of shear strain component near the twin domain wall junction with 
free surface for different distance from the surface (depth), specified near the curves. LGD 
expansion coefficients are summarized in Table A3. 
 
 Note. Equation (18b) can be derived from the expression: 
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